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1. Introduction |

n the literature, all commodities are usually as-
sumed to be perfectly divisible for the conve-
nience of the analysis. Perfect divisibility is one
extreme assumption as a description of the real
world. We analyze the opposite extreme case
where all commodities can be consumed only in
integer quantities. The indivisibility of commodi-
ties makes consumers’ consumption sets non-
convex. Although the non-convexity is thought as
an obstacle, we prove an equivalence between
the core and Walras equilibria.

A Walras equilibrium is an equilibrium state In
market places. All consumers face the same
prices, they regard the prices as given, and they
try to maximize their utilities under budget con-
straints. A Walras equilibrium is a state where,
under some prices, the total demand for each
commodity is equal to the total amount of the
commodity available in the market. In contrast,
the core is an institution-free concept and it is
the set of all stable states in the sense that any
group of consumers cannot make benefits by re-
allocating their endowments among themselves.
In particular, the core is defined independently of
prices.

Debreu and Scarf [1] considered a sequence
of replica economies with divisible commodities.
The nth replica economy consists of n replica
consumers for each consumer of the original
economy. By virtue of the equal treatment prop-
erty of core allocations, consumers who are repli-
cas of the same consumer are allocated the same
consumption bundle at any core allocations. This
enables us to regard core allocations of replica
economies as having the same dimension as
Walras allocations of the original economy. If we
replicate economy more, the number of possible
groups of consumers becomes large and, there-
fore, more allocations are improved upon. Hence,
the sequence of cores is shrinking. Debreu and
Scarf [1] proved that the limit of the decreas-
INg sequence of cores of replica economies co-
incides with Walras equilibia of the original econ-
omy. Thus, if the number of consumers is large,
at any core allocation, consumers exchange their
endowments as if they would face a common
price vector. Therefore, this core equivalence the-
orem explains the emergence of prices. In the
case of divisible commodities, however, infinitely
many consumers are needed to hold the core
equivalence.

In our model with indivisible commodities, by con-
trast, even in an economy with finitely many con-
sumers, a similar core equivalence can be ob-
tained.

‘ 2. Model |

An economy £ is defined as a mapping from the
set A of consumers to the space of consumers’
characteristics. All consumers are assumed to
have the same consumption set z” where L € z
(L > 2) is the number of indivisible commodi-
ties. Every consumer a € A is characterized by
his preference relation -, on z* and his endow-
ment vector e(a) € z~. Consumers’ preference
relations are assumed to be reflexive, transitive,
complete, and weakly monotone [if =,y € z% and
x > vy, then z = y].

Definition. An allocation f : A — z! is a strong
core allocation of economy & if it is feasible, i.e.,
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>uea fla) = > ,cae(a) and there exists no coali-
tion S C A and allocation g : S — z* within S
such that >-.csg(a) = Xiesela), gla) Za f(a) for
alla € S, and g(a) =, f(a) for at least one a € S.
The strong core Cs(&) of economy £ is the set of
all strong core allocations of economy €£.

The size of the core depends on the improvement
defining the core. Here, we adopt the same im-
provement that defines Pareto efficiency. When
we adopt a stronger improvement which requires
that all consumers in a coalition can be strictly
better off, the resulting core is called the weak
core. By definition, the strong core is a subset of
the weak core.

If commodities are perfectly divisible and if con-
sumers’ preference relations are continuous and
strongly monotone, then, by transfer of a small
amount of any commodity from the consumer
who is made strictly better off to the other con-
sumers in the coalition, all consumers in the coali-
tion can be strictly better off. Therefore, in this
case, the strong core coincides with the weak
core.

In our economy with indivisible commodities,
however, the strong core can be strictly smaller
than the weak core because a small amount of
commodity transfer is impossible. In addition,
even the weak core can be empty (Inoue [3]
gave a sufficient condition for the weak core to
be nonempty, but any sufficient condition for the
nonemptiness of the strong core has not been ob-
tained).

Definition. A pair (p, f) of a price vector p € @’
and a feasible allocation f : A — z% is a cost-
minimized Walras equilibrium of economy €& if

(Wforalla e A, p- f(a) <p-ela),

(ijfor all a € A, if z € z" and = =, f(a), then

p-x>p-e(a),and

(ifor all « € A, if z € z" and = =, f(a), then

p-x>p-ela)
The set of all cost-minimized Walras allocations
of economy & is denoted by We(€).

When a pair (p, f) of a price vector p and a fea-
sible allocation f satisfies the conditions (i) and
(i) above, it i1s called a Walras equilibrium. If
consumers’ preference relations are locally non-
satiated, then the utility maximization (condition
(i1)) implies the cost minimization (condition (iii)).
In particular, in economies analyzed by Debreu
and Scarf [1], cost-minimized Walras equilibria
coincides with Walras equilibria. In our economy,
since all commodities are indivisible, consumers’
preference relations are necessarily locally sati-
ated and there can exist a Walras equilibrium that
IS not a cost-minimized Walras equilibrium.

By an argument similar to the first welfare the-
orem, it can be shown that any cost-minimized
Walras allocation is a strong core allocation, i.e.,
for every economy &, Wey (€) C Cs(E).

In our main theorem below, we put the further
assumption on consumers’ preference relations.
Let £ € z with & > 2. The set P, is a family of
preference relations = such that for any distinct
commodities h and ¢ and any consumption vector
x € ZJLF, if z0) > 1, then z — v; + kv, = z, where
xi 1S the ith unit vector. Thus, any consumer with
preference relation e P;. is willing to give up one
unit of a commodity in exchange for k& units of an-
other commodity. All preference relations in P,
have uniformly positive marginal rates of substi-
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tution. In particular, the lexicographic ordering is
excluded.

A finite subset T of the space P; x z! of con-
sumers’ characteristics is called a type set. In
our main theorem, we consider an economy in
which every type has a sufficiently large number
of consumers. For type t € T, let t = (=, ¢,;) and
Ay ={a € A| (=4, ela)) =t} that is, =; is the pref-
erence relation of consumers of type t, e, Is the
endowment vector of consumers of type ¢, and A;
IS the set of consumers of type t.

‘ 3. Main Theorem |

Theorem. For every » > 1, every k € 7 with
k > 2, every type set T' C Py x z4 with #T < r
and > ,cre; > 0, there exists N € Z,, such that,
if economy £ : A — T satisfies #4 > N and
# A, /#A > 1/r for every type t € T, then

(1) forevery f € Cs(E), every type t € T, and every

consumer a,b € A, f(a) ~; f(b) holds, and

(2) Cs(€) = Wem(E).

It » = #T In the theorem, then economy £ Is a
replica economy, that is, every type has the same
number #A/#T of consumers. Hence, our theo-
rem covers more general economies than replica
economies.

From the conditions #A > N and #A;/#A > 1/r
for every t € T, we require that each type has a
sufficiently large number of consumers.

The first result (1) Is called equal treatment
property of strong core allocations. By relying
convexity of preference relations, Debreu and
Scarf [1] proved strong core allocations of replica
economies with divisible commodities have the
equal treatment property. As Green [2] pointed
out, this property does not hold in almost all non-
replica economies with divisible commodities, i.e.,
if economy is non-replica one, there can exist a
strong core allocation which does not have the
equal treatment property. In contrast, in our theo-
rem, consumers’ preference relations cannot be
convex and economy may be non-replica one,
but strong core allocations have the equal treat-
ment property. Our proof of the equal treatment
property is quite different from that of Debreu and
Scarf [1].

Another different point from the case of divisible
commodities is that even in a finite economy, we
can obtain the equivalence between the strong
core and cost-minimized Walras equilibria. To
hold the equivalence in our economy, however,
the number of consumers must be sufficiently
large. If the size of economy is small, there can
exist a strong core allocation that is not a cost-
minimized Walras allocation.

A weakness of the above theorem is that, in some
economies, the strong core Cg(£) and the set
Wea(€) of cost-minimized Walras allocations can
be both empty.
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